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Mathematical Model
To design vehicle routes with loads and transhipment timing

Decision variables

• Vehicle routes for each vehicle 𝑣 between nodes: 𝑦!,#$ ∈ {0,1}, 𝑣 ∈ 𝒱, 𝑖, 𝑗 ∈ ℳ

• Product routes for each task 𝑛: 𝑧!,%,#$ ∈ {0,1}, 𝑣 ∈ 𝒱, 𝑖, 𝑗 ∈ ℳ, 𝑛 ∈ 𝒩

• Waiting times for each vehicle 𝑣 at node 𝑖: 𝜔!,# ≥ 0, 𝑣 ∈ 𝒱, 𝑖 ∈ ℳ

• Auxiliary variables include arrival and departure times, and loading/unloading 
requirements
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Multiple objectives
To minimise (variables highlighted)

• Vehicle operating cost (VOC)

• Labour cost (LC)

• Unreliability cost (URC)

6
Min
𝐲,𝐳,𝛚

(𝐹$, 𝐹&'( )

𝐹!&' = 𝑉𝐶( ∑!∈𝒱∑#∈ℳ 𝑦!,#(! + 𝑉𝐶,×𝑉∑!∈𝒱∑#∈ℳ∑$∈ℳ 𝑦!,#$𝑇#$
Fixed rate for using vehicles Cost related to vehicle travel

𝐹-' = 𝐿𝐶, ∑!∈𝒱 𝐴!,(! − 𝜔!,(! + 𝐿𝐶( ∑!∈𝒱∑#∈ℳ 𝜇!,#𝑈# + 𝜆!,#𝐿#
Payment to drivers Payment to staff at docks

Finish Start Unloading   Loading

𝐹./' =
0
1
∑#∈ℳ∑!∈𝒱∑%∈𝒩 𝑝𝜇!,%,# + 𝑝𝜆!,%,# − |𝒩|

Total number of unloadings and loadings

Number of product swaps

Number of products/tasks
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Constraints (selected, cont.)
• Dock availability constraint

max
!∈𝒱

∑.∈𝒱\{!}𝟏 𝐴.,# < 𝐷!,#&𝐴!,# < 𝐷.,# + 1 ≤ 𝑙# ∀𝑖 ∈ ℳ

(linearised through introducing additional binary variables)

• Vehicle capacity constraint

∑%∈𝒩 𝑠%𝑧!,%,#$ ≤ 𝑐! ∀𝑣 ∈ 𝒱

• Vehicle and goods flow balance constraints

∑$∈ℳ\{#} 𝑦!,#$ = ∑3∈ℳ\{#} 𝑦!,3# ∀𝑖 ∈ ℳ, 𝑣 ∈ 𝒱

∑!∈𝒱∑$∈ℳ 𝑧!,%,#$ = ∑!∈𝒱∑3∈ℳ 𝑧!,%,3# ∀𝑖 ∈ ℳ\{𝑜%, 𝑑%}, 𝑛 ∈ 𝒩
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Number of other vehicles at dock with 𝑣 Number of docks available 



Numerical 
Experiments

• Melbourne network with 5 nodes

• Three strategies
• Dedicated delivery (DD)
• No transhipment (NT)
• Transhipment (TR)

• Solutions obtained by Gurobi 9.2
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3

4
5

1

Strategy Financial cost # of Vehicles VKT Load factor

DD $2902.6 3 494.1km 0.326

NT $1390.0 2 227.4km 0.519

TR (4 swaps) $1139.3 2 185.7km 0.754



Routing 

result
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c !6.0#+&!*&*+12-%(



Pareto front
• Modify the multi-objective optimisation problem min (𝐹$, 𝐹&'( ) to

min 𝐹$ s.t. 𝐹&'( ≤ 𝐵 and existing constraints

• Financial cost and VKT decrease with 𝐵, and load factor generally increases.

• Goods transhipment benefits the delivery efficiency.
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Upper bound of total swap number 

𝐹$

𝐵 (proxy of 𝐹"#$) 𝐵 (proxy of 𝐹"#$)

↓5%

↓20%



Conclusions
• Allowing products to be transhipped at stores can provide significant savings 

in financial cost and vehicle travel distances (and hence environmental cost).

• Designing efficient goods transfer networks requires consideration of OD 
patterns as well as locations of and facilities at stores.

• Transhipment may bring more uncertainties in the network. For improving 
the network reliability, it needs
• Consideration of vehicle coordination;
• Models incorporating with stochastic elements such as demand, travel 

time, and loading time.
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Thank you

Questions? Contact at lele.zhang@unimelb.edu.au
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